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RICCI FLOW ON CERTAIN HOMOGENEOUS SPACES
MARINA STATHA
Abstract. We study the behavior of the normalized Ricci flow of invariant Riemannian homogeneous
metrics at infinity for generalized Wallach spaces, generalized flag manifolds with four isotropy summands
and second Betti number equal to one, and the Stiefel manifolds V2Rn and V1+k2R
n, with n = 1+ k2 + k3.
We use techniques from the theory of differential equations, in particular the Poincare´ compactification.
This method allows us to study global phase portraits for polynomial differential systems.
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1. Introduction
The Ricci flow equation was introduced by Hamilton in 1982 ([Ha]), and is defined by
∂g
∂t
= −2Ricg, (1)
where g = g(t) is a curve on the space of Riemannian metrics M on a smooth manifold Mn and Ricg is
the Ricci tensor of the Riemannian metric g. The solution of this equation, the so called Ricci flow, is a
1-parameter family of metrics g(t) in Mn. Intuitively, this is the heat equation for the metric g.
The Ricci flow (1) in general does not preserve the volume. In the case of a compact manifold Mn we
consider the normalized Ricci flow
∂g
∂t
= −2Ricg +2r
n
g, (2)
where r = r(g(t)) =
∫
M
Sgdug/
∫
M
dug, dug is the volume element of g, and Sg denotes the scalar curvature
function of g. Under this normalized flow, the volume of the solution metric is constant in time. Equations
(1) and (2) can be shown to be equivalent by reparametrizing time t and by scaling the metric in space by a
function of t. The Einstein metrics, that is the Riemannian metrics of constant Ricci curvature which satisfy
Ricg = λg (from now on call it Einstein equation) for some constant λ ∈ R, are in this case the fixed points of
the normalized Ricci flow (2). In general, the Einstein equation reduces to a second order PDE and general
existence results are difficult to be obtained. Some methods are described in [Bo¨], [Bo¨WaZi] and [WaZi].
Besides the detailed exposition on Einstein manifolds in [Be], we refer to [Wa1], [Wa2] and [Arv3] for more
recent results. For the case of homogeneous spaces G/H the problem of finding all invariant Einstein metrics
becomes slightly more accesible, due to the possibility of making symmetry assumptions, but still it is not
easy. A special class of homogeneous spaces for which Einstein metrics have been completely classified are the
generalized flag manifolds G/K (of a compact simple Lie group G) with two ([ArCh1]) three ([Arv2], [Ki])
four and five isotropy summands ([ArCh2], [ArChSa1]). There is also some classification of Einstein metrics
on flag manifolds with six isotropy summands (see in [Arv3] for more details). Also, the classification of
invariant Einstein metrics for another class of homogeneous space, the generalized Wallach spaces, was only
recently achieved ([ChNi]). The problem becomes more difficult in case where the isotropy representation
χ : H → Aut(ToG/H), (o = eH) of a homogeneous space G/H contains equivalent summands. This
happens for example for Stiefel manifolds VkF
n, where F ∈ {R,C,H}. In the papers [ArSaSt1], [ArSaSt2]
and [ArSaSt3], A. Arvanitoyergos, Y. Sakane and the author found (by using a technique which is described
in detail in [St]), Einstein metrics for several classes of Stiefel manifolds.
An important property of the Ricci flow is that it preserves symmetries of the initial metric g. This is
due to the fact that the Ricci tensor is invariant under diffeomorphisms of the manifold M . In general,
1
2 Marina Statha
the normalized Ricci flow (2) for an arbitrary manifold is a non-linear system of PDEs. When restricted
to the set of invariant metrics, such system reduces to an non-linear system of ODEs. For this reason it is
natural to study the Ricci flow on homogeneous spaces, that is a Riemmanian manifold (M, g) with a closed
subgroup G of the isometries Iso(M, g), such that for any p and q in M , there exists a g ∈ G with g(p) = q.
In this case M = G/H , where H = {g ∈ G : g · p = p} is the isotropy subgroup at the point p ∈M . On such
spaces we work with G-invariant metrics, i.e. metrics for which the map τα : G/H → G/H , gH 7→ αgH is
an isometry. It is natural to proceed the study of the Ricci flow using tools from the theory of dynamical
systems. As mentioned above, to show existence of Einstein metrics is a not an easy task. The use of the
normalized Ricci flow on homogeneous spaces towards a qualitative study of homogeneous invariant Einstein
metrics, has been used by various authors ([BW], [GlPa], [AnCh], [GrMa1], [GrMa2], [Bu]) and combined
works of N.A. Abiev, A. Arvanitoyeorgos, Yu Nikonorov, and P. Siasos [Ab], [AANS], [AbNi].
In this paper we study the normalized Ricci flow of invariant metrics on certain homogeneous spaces
with three and four isotropy summands, such as generalized Wallach spaces (that is a homogeneous space
G/H for which the tangent space To(G/H) ∼= m written as direct sum of three summands mi, i = 1, 2, 3
with the property [mi,mi] ⊂ h), the Stiefel manifolds VkRn (the set of all orthonormal k-frames on Rn)
and generalized flag manifolds (this is a homogeneous space M = G/K where G is a compact semisimple
Lie group and K is the cetralizer of a torus in G. Equivalently, it is diffeomorphic to the adjoint orbit
Ad(G)w, for some w ∈ g, the Lie algebra of G). On such spaces the normalized Ricci flow (2) is equivalent
to a homogeneous system of differential equations in R3 and R4. So in order to study the behavior of such
systems at infinity, we will use a method introduced by Poincare´, the so called Poincare´ compactification.
This method allows us to study global phase portraits for polynomial systems.
The main contribution of the present work is that by using the Poincare´ compactification we not only
confirm previously obtained Einstein metrics as fixed points of dynamical systems deduced from normalized
Ricci flow, but also detect new homogeneous Einstein metrics on certain spaces. The main theorems are the
following:
Theorem A. Let G/H be a generalized Wallach space. The normalized Ricci flow of the G-invariant
Riemannian metrics on G/H has a finite number of singularities at infinity, which are all saddle points.
These fixed points determine the invariant Einstein metrics of G/H .
Theorem B. (1) Let V2R
n = SO(n)/ SO(n − 2) be a Stiefel manifold. The normalized Ricci flow of the
SO(n)-invariant Riemannian metrics on V2R
n has exactly one singularity at infinity. This corresponds (up
to scale) to the unique invariant Einstein metric.
(2) Let G/H the Stiefel manifold V5R
7. The normalized Ricci flow on the space of invariant Riemannian
metrics on G/H , possesses exactly four singularities at infinity. This fixed points corresponds (up to scale)
to the G-invariant Einstein metric on G/H .
We are also motivated to state the following:
Conjecture 1. Let V1+k2R
n = SO(n)/ SO(k3), (n = 1 + k2 + k3) be a Stiefel manifold. The normalized
Ricci flow, for certain values of k2 and k3, of special SO(n)-invariant Riemannian metrics has exactly four
and six singularities at infinity. These fixed points determine the four and six invariant Einstein metrics on
V1+k2R
n respectively.
Theorem C. Let G/K be a generalized flag manifold with four isotropy summands and b2(G/K) = 1.
The normalized Ricci flow of G-invariant Riemannian metrics on G/K has, for the case of exceptional flag
manifold F4, E7 and E8(α6), exactly three singularities at infinity. One of them is a repelling node and
the other two are saddle pints. For the case of flag manifold corresponding to E8(α3) it has exactly five
singularities at infinity. One is a repelling node and the others are saddle points. These fixed points determine
explicitly the three and five (up to scale) invariant Einstein metrics of G/K, respectively.
2. The normalized Ricci flow
2.1. Ricci tensor and scalar curvature. Let G be a compact semisimple Lie group, H a connected closed
subgroup of G and let g and h be the corresponding Lie algebras. The Killing form B of g is negative definite,
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so we can define an Ad(G)-invariant inner product −B on g. Let g = h ⊕ m be a reductive decomposition
of g with respect to −B so that [ h, m ] ⊂ m and m ∼= To(G/H) where o is the identity coset of G/H . Any
G-invariant metric g on G/H corresponds to an Ad(H)-invariant inner product 〈·, ·〉 on m and vice versa.
Let {Xj} be a 〈·, ·〉-orthonormal basis of m. The Ricci tensor Ricg of the metric g is given as follows ([Be,
p. 185]):
Ricg(X,Y ) = −1
2
∑
i
〈[X,Xi], [Y,Xi]〉+ 1
2
B(X,Y ) +
1
4
∑
i,j
〈[Xi, Xj], X〉〈[Xi, Xj], Y 〉. (3)
The scalar curvature Sg = trRicg of g is given by ([Be, p. 186]):
Sg =
1
4
∑
i,j
|[Xi, Xj ]m|2 − 1
2
∑
i
B(Xi, Xi). (4)
If the isotropy representation of G/H is decomposed into a sum of mutually non equivalent irreducible
summands, then we will also use the following alternative expression for the Ricci tensor. Let m = m1 ⊕
· · ·⊕mq be a decomposition into mutually non equivalent irreducible Ad(H)-modules. Then any G-invariant
metric on G/H can be expressed as follows:
〈·, ·〉 = x1(−B)|m1 + x2(−B)|m2 + · · ·+ xq(−B)|mq , (5)
for positive real numbers (x1, . . . , xq) ∈ Rq+. Note that G-invariant symmetric covariant 2-tensors on G/H
are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In
particular, the Ricci tensor Ricg of a G-invariant Riemannian metric on G/H is of the same form as (5),
that is Ricg = y1(−B)|m1 + y2(−B)|m2 + · · ·+ yq(−B)|mq for some yi ∈ R, i = 1, 2, . . . , q.
Let {e(k)α }dkα=1, where dk = dimmk, be a (−B)-orthonormal basis of mk. Then the set {X(k)α = e(k)α /
√
xk} is
a 〈·, ·〉-orthonormal basis of mk. If we denote by rk = Ricg(X(k)α , X(k)α ), then we obtain rk = (1/xk) Ricg(e(k)α ,
e
(k)
α ) that is Ricg(e
(k)
α , e
(k)
α ) = xkrk. Thus the Ricci tensor is written as Ricg = x1r1(−B)|m1+x2r2(−B)|m2+
· · ·+xqrq(−B)|mq , where the ri’s are the components of the Ricci tensor on each mi for i = 1, 2, . . . , k. Now
let Aγαβ = −B([e(i)α , e(j)β ], e(k)γ ) so that [e(i)α , e(j)β ] =
∑
γ
Aγαβe
(k)
γ and set Aijk :=
[
k
ij
]
=
∑
(Aγαβ)
2, where the
sum is taken over all indices α, β, γ with e
(i)
α ∈ mi, e(j)β ∈ mj , e(k)γ ∈ mk (cf. [WaZi]). Then the positive
numbers Aijk are independent of the B-orthonormal bases chosen for mi,mj,mk, and Aijk = Ajik = Akij .
We have the following:
Lemma 2.1. ([PaSa]) Let G/H be a homogeneous space where G is compact and semisimple Lie group. Let
g the G-nvariant metric on G/H given by the Ad(H)-invariant inner products (5). Then:
(1) The components r1, . . . , rs of the Ricci tensor Ricg are given by
rk =
1
2xk
+
1
4dk
∑
j,i
xk
xjxi
Ajik − 1
2dk
∑
j,i
xj
xkxi
Akij (k = 1, . . . , q) (6)
where the sum is taken over i, j = 1, . . . , q.
(2) The scalar curvature Sg = trRicg =
∑s
i=1 diri is given by
Sg =
1
2
s∑
i=1
di
xi
− 1
4
∑
i,j,k
xk
xixj
Aijk (7)
Remark 2.2. Since by assumption the tangent space m of G/H decomposes into Ad(H)-modules mi,mj
which are mutually non equivalent for any i 6= j, it is Ricg(mi,mj) = 0 whenever i 6= j. Thus, by Lemma 2.1 it
follows that G-invariant Einstein metrics onG/H are exactly the positive real solutions g = (x1, . . . , xq) ∈ Rq+
of the polynomial system {r1 = λ, r2 = λ, . . . , rq = λ}, where λ ∈ R+ is the Einstein constant.
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2.2. The normalized Ricci flow. Let (M = G/H, g) a Riemannian homogeneous space and let MG1 be
the set of G-invariant metrics with total volume 1, that is
∫
M
dvg = 1. Then for every g in MG1 its scalar
curvature Sg is a constant function on M . Therefore we have r =
∫
M
Sgdvg/
∫
M
dvg = Sg. Thus, for a
G-invariant metric on G/H the normalized Ricci flow (2) is equivalent to
∂g
∂t
= −2Ricg +2Sg
n
g,
where n is the dimension of G/H . Actually for the G-invariant metric (5) the normalized Ricci flow reduces
to the following system:{
x˙1 = 2x1r1 +
2Sg
n
x1, x˙2 = 2x2r2 +
2Sg
n
x2, . . . , x˙q = 2xqrq +
2Sg
n
xq
}
. (8)
3. Generalized Wallach spaces
Let G/H be a reductive homogeneous space with G a compact and semisimple Lie group and H a
compact subgroup of G. Let g = h ⊕ m the reductive decomposition of G/H , that is Ad(H)m ⊂ m, with
m ∼= To(G/H). Then G/H is called a generalized Wallach space if the module m decomposes into a direct
sum of three Ad(H)-invariant irreducible modules pairwise orthogonal with respect to −B (the Killing form
of G), i.e. m = m1⊕m2⊕m3, such that [mi,mi] ⊂ h, for i = 1, 2, 3. Every generalized Wallach space admits
a three parameter family of G-invariant Riemannian metrics determined by Ad(H)-invariant inner products:
〈·, ·〉 = x1(−B)|m1 + x2(−B)|m2 + x3(−B)|m3 , xi ∈ R+, i = 1, 2, 3, (9)
where x1, x2, x3 are positive real numbers. We will denote such metrics with g = (x1, x2, x3).
The classification of generalized Wallach space G/H was obtained in [Ni1] and [ChKaLi]:
Theorem 3.1. Let G/H be a connected and simply connected compact homogeneous space. Then G/H is a
generalized Wallach space if and only if it is one of the following types:
(1) G/H is a direct product of three irreducible symmetric spaces of compact type.
(2) The group G is simple and the pair (g, k) is one of the pairs in Table 1.
(3) G = F × F × F × F and H = diag(F ) ⊂ G for some connected, compact, simple Lie group F , with the
following description on the Lie algebra level: (g, h) = (f⊕f⊕f⊕f, diag(f) = {(X,X,X,X)|X ∈ f}), where f is
the Lie algebra of F , and (up to permutation) m1 = {(X,X,−X,−X)|X ∈ f}, m2 = {(X,−X,X,−X)|X ∈
f}, m3 = {(X,−X,−X,X)|X ∈ f}.
Table 1. The pairs (g, h) corresponding to generalized Wallach spaces G/H with G simple
GWS. g h d1 d2 d3
1 so(k + l +m) so(k)⊕ so(l)⊕ so(m) kl km lm
2 su(k + l +m) su(k)⊕ su(l)⊕ su(m) 2kl 2km 2lm
3 sp(k + l +m) sp(k)⊕ sp(l)⊕ sp(m) 4kl 4km 4lm
4 su(2l), l ≥ 2 u(l) l(l − 1) l(l + 1) l2 − 1
5 so(2l), l ≥ 4 u(1)⊕ u(l − 1) 2(l − 1) 2(l + 1) (l − 1)(l − 2)
6 e6 su(4)⊕ 2sp(1)⊕ R 16 16 24
7 e6 so(8)⊕ R
2 16 16 16
8 e6 sp(3)⊕ sp(1) 14 28 12
9 e7 so(8)⊕ 3sp(1) 32 32 32
10 e7 su(6)⊕ sp(1)⊕ R 30 40 24
11 e7 so(8) 35 35 35
12 e8 so(12) ⊕ 2sp(1) 64 64 48
13 e8 so(8)⊕ so(8) 64 64 64
14 f4 so(5)⊕ 2sp(1) 8 8 20
15 f4 so(8) 8 8 8
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3.1. Ricci tensor for generalized Wallach spaces. Let di = dimmi, i = 1, 2, 3. From the property
of Aijk it is easy to see that for the generalized Wallach spaces, the Aijk = 0 if two of the indicies are
equal. Therefore, we only need to compute the number A123. It is di ≥ 2A123 for any i = 1, 2, 3 (see [Ni2]).
Hence the constants ai = A123/di, i ∈ {1, 2, 3} are such that (a1, a2, a3) ∈ [0, 1/2]3. In Table 2 we give these
numbers for the generalized Wallach spaces of Table 1 (these numbers were computed in [Ni1] and [ChKaLi])
Table 2. The numbers ai, i = 1, 2, 3 for the generalized Wallach spaces G/H with G simple
GWS. a1 a2 a3 GWS. a1 a2 a3
1 m/2(k + l +m− 2) l/2(k + l +m− 2) k/2(k + l +m− 2) 9 2/9 2/9 2/9
2 m/2(k + l +m) l/2(k + l +m) k/2(k + l +m) 10 2/9 1/6 5/18
3 m/2(k + l +m+ 1) l/2(k + l +m+ 1) k/2(k + l +m+ 1) 11 5/18 5/18 5/18
4 (l + 1)/4l (l − 1)/4l 1/4 12 1/5 1/5 4/15
5 (l − 2)/4(l − 1) (l − 2)/4(l − 1) 1/2(l − 1) 13 4/15 4/15 4/15
6 1/4 1/4 1/6 14 5/18 5/18 1/9
7 1/6 1/6 1/6 15 1/9 1/9 1/9
8 1/4 1/8 7/24
From Lemma 2.1 the components of the Ricci tensor for the metric which corresponds to the Ad(H)-
invariant inner products (9), are given as follows
ri =
1
2xi
+
ai
2
(
xi
xjxk
− xk
xixj
− xj
xixk
)
,
where i, j, k ∈ {1, 2, 3} with i 6= j 6= k 6= i. The scalar curvature is given by the following
Sg =
1
2
(
d1
x1
+
d2
x2
+
d3
x3
)
−A123
(
x1
x2x3
+
x2
x1x3
+
x3
x1x2
)
.
Remark 3.2. The G-invariant metric on a generalized Wallach space G/H corresponding to the inner
product (9) is Einstein if and only if r1 = r2 = r3. This is equivalent to the polynomial system
(a2 + a3)(a1x
2
2 + a1x
2
3 − x2x3) + (a2x2 + a3x3)− (a1a2 + a1a3 + 2a2a3)x21 = 0
(a1 + a3)(a2x
2
1 + a2x
2
3 − x1x3) + (a1x1 + a3x3)− (a1a2 + 2a1a3 + a2a3)x22 = 0. (10)
We take the G-invariant metric of the form g = (1, y1, y2), where yi = xi/x1, i = 1, 2 on generalized
Wallach spaces. Then from the [LoNiFi] and [ChKaLi] we have the following Einstein metrics for GWS
corresponding to exceptional groups.
Table 3. The Einstein metrics for the generalized Wallach spaces G/H
GWS. g1 = (1, y2, y3) g2 = (1, y2, y3) g3 = (1, y2, y3) g4 = (1, y2, y3)
6 (1, 0.6, 0.8) (1, 1.66667, 1.33333) − −
7 (1, 1, 1) (1, 0.5, 0.5) (1, 2, 1) (1, 1, 2)
8 (1, 1.4618, 1.88845) (1, 0.8640, 0.4838) − −
9 (1, 1, 1) (1, 1.25, 1) (1, 0.8, 0.8) (1, 1, 1.25)
11 (1, 1, 1) (1, 1, 0.8) (1, 1.25, 1.25) (1, 0.8, 1)
12 (1, 1, 1.45608) (1, 1, 0.68677) − −
13 (1, 1, 1) (1, 1, 0.875) (1, 1.14285, 1.14285) (1, 0.875, 1)
14 (1, 0.4852, 0.8251) (1, 2.0606, 1.700349) − −
15 (1, 1, 1) (1, 3.5, 1) (1, 1, 3.5) (1, 0.28571, 0.28571)
Note that the spacesGWS.2 andGWS.5 are also generalized flag manifolds with three isotropy summands
(this is also true for spaces GWS.7 and GWS.10). The classification of Einstein metrics on such flag
manifolds was given in [Ki] and [Arv2]. For the Einstein metrics we have the following theorem (which
agrees with the results of Arvanitoyeorgos and Kimura)
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Theorem 3.3. ([LoNiFi]) If a generalized Wallach space G/H with pairwise non-isomorphic modules mi
satisfy the equality a1 + a2 + a3 = 1/2, then G/H admits four families of proportional invariant Einstein
metrics. These metrics have the form
(1) ((1− 2a1)q, (1− 2a2)q, 2(a1 + a2)q), (2) ((1 − 2a1)q, (1 − 2a2)q, 2(1− a1 − a2)q),
(3) ((1− 2a1)q, (1 + 2a2)q, 2(a1 + a2)q), (4) ((1 + 2a1)q, (1 − 2a2)q, 2(a1 + a2)q), (11)
where q ∈ R.
Finally, for the generalized Wallach spaces GWS.1, GWS.3 and GWS.4, the Einstein metrics are given
as solutions of equation (9) in the paper [LoNiFi, p. 51]. Next, we will give some examples of Einstein
metrics on these spaces (up to scale):
GWS.1a For SO(6)/ SO(2)× SO(3) we have g1 = (1, 0.54218, 0.79241), g2 = (1, 3.14890, 3.33739)
GWS.1b For SO(8)/ SO(3)× SO(4) we have g1 = (0.48352, 0.76977), g2 = (2.67712, 2.44107)
GWS.1c For SO(18)/ SO(5) × SO(6) × SO(7) we have the following metrics gi = (1, x1, x2), i = 1, 2, 3, 4
(1, 0.55351, 0.60545), (1, 1.84323, 1.20925), (1, 1.11957, 1.30861), (1, 1.10730, 1.62678).
GWS.3a For Sp(6)/ Sp(1) × Sp(2) × Sp(3) we have the following metrics gi = (1, x1, x2), i = 1, 2, 3, 4
(1, 0.38050, 0.46780), (1, 1.23251, 1.39606), (1, 3.26361, 1.60389), (1, 1.30670, 3.18223).
GWS.3b For Sp(14)/ Sp(2) × Sp(5) × Sp(7) we have the following metrics gi = (1, x1, x2), i = 1, 2, 3, 4
(1, 0.40168, 0.52944), (1, 1.24716, 1.53155), (1, 2.94748, 1.67504), (1, 1.27217, 2.71689).
GWS.4a For SU(4)/U(2) we have g1 = (1, 0.79241, 0.542181), g2 = (1, 3.33739, 3.4189).
GWS.4b For SU(6)/U(3) we have g1 = (1, 0.8, 0.6), g2 = (1, 2.28418, 2.37279).
GWS.4c For SU(8)/U(4) we have g1 = (1, 1.92054, 2.00752), g2 = (1, 0.80856, 0.63827).
4. The Stiefel manifolds
We embed the group SO(n− k) in SO(n) as
(
1k 0
0 C
)
where C ∈ SO(n− k). The Killing form of so(n) is
B(X,Y ) = (n−2) trXY . Then with respect to −B the subspace m = so(n−k)⊥ in so(n), may be identified
with the set of matrices of the form{(
Dk A
−At 0n−k
)
: Dk ∈ so(k), A ∈Mk×(n−k)(R)
}
.
Let Eab denote the n×nmatrix with 1 at the (ab)-entry and 0 elsewhere. Then the set B = {eab = Eab−Eba :
1 ≤ a ≤ k, 1 ≤ a < b ≤ n} constitutes a −B-orthogonal basis of m. Note that eba = −eab, thus we have:
Lemma 4.1. If all four indices are distinct, then the Lie brackets in B are zero. Otherwise, [eab, ebc] = eac,
where a, b, c are distinct.
Next, we study the isotropy representation of VkR
n = G/H = SO(n)/ SO(n − k). Let λn denote the
standard representation of SO(n) (given by the natural action of SO(n) on Rn). If ∧2λn denotes the
second exterior power of λn, then Ad
SO(n) = ∧2λn. The isotropy representation χ : SO(n) → Aut(m)
(m ∼= To(G/H)) of G/H is characterized by the property AdSO(n)
∣∣∣
SO(n−k)
= AdSO(n−k)⊕χ. We compute
AdSO(n)
∣∣∣
SO(n−k)
= ∧2λn
∣∣
SO(n−k)
= ∧2(λn−k ⊕ k) = ∧2λn−k ⊕ ∧2k ⊕ (λn−k ⊗ k), (12)
where k denotes the trivial k-dimensional representation. Therefore, the isotropy representation is given by
χ = 1 ⊕ · · · ⊕ 1 ⊕ λn−k ⊕ · · · ⊕ λn−k. This decomposition induces an Ad(H)-invariant decomposition of
m given by m = m1 ⊕ · · · ⊕ ms, where the first
(
k
2
)
Ad(H)-modules are 1-dimensional and the rest k are
(n − k)-dimensional. It is clear that the isotropy representation of VkRn contains equivalent summands,
so a complete description of all G-invariant metrics is rather hard. In [ADN1] the authors introduced a
method for proving existence of homogeneous Einstein metrics by assuming additional symmetries. In [St]
is presented a systematic and organized description of such metrics.
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4.1. The Stiefel manifold V2R
n ∼= SO(n)/ SO(n − 2). The isotropy representation of V2Rn, is expressed
as a direct sum χ = 1 ⊕ χ1 ⊕ χ2, where χ1 ≈ χ2 = λn−2 is the standard representation of SO(n− 2). This
decomposition induces an Ad(SO(n − 2))-invariant decomposition of m given by m = m0 ⊕ m1 ⊕ m2. Even
though an SO(n)-invariant metric on V2R
n depends on four parameters, it can be shown (cf. [Ke]) that it
can be descrided by an Ad(SO(n− 2))-invariant inner product of m of the form:
〈·, ·〉 = x0(−B)|m0 + x1(−B)|m1 + x2(−B)|m2 , xi ∈ R+, i = 1, 2, 3. (13)
Therefore, for the Ricci tensor of metrics corresponding to inner products (13) we can use the Lemma 2.1.
By using Lemma 4.1 the only non-zero number is A012 and equals to 1/2. Hence we have,
Proposition 4.2. (1) The components of the Ricci tensor for the metric (13) are given as follows
r0 =
1
2x0
−
1
4
(
x1
x0x2
+
x2
x0x1
−
x0
x1x2
)
r1 =
1
2x1
−
1
4(n− 2)
(
x0
x1x2
+
x2
x0x1
−
x1
x0x2
)
r2 =
1
2x2
−
1
4(n− 2)
(
x0
x1x2
+
x1
x0x2
−
x2
x0x1
)


(14)
(2) The scalar curvature Sg is given by
Sg =
1
2x0
+
1
4
(
− x1
x0x2
− x2
x0x1
− x0
x1x2
)
+
n− 2
2
(
1
x2
+
1
x1
)
(15)
Theorem 4.3. ([Arv1], [Ke]) The Stiefel manifold V2R
n = SO(n)/ SO(n − 2) admits (up to scale) exactly
one SO(n)-invariant Einstein metric which is given explicitly as (1, (n− 1)/2(n− 2), (n− 1)/2(n− 2))
4.2. The Stiefel manifolds V1+k2R
n. Let G/H the Stiefel manifold V1+k2R
n = SO(n)/ SO(k3), with
n = 1 + k2 + k3. The isotropy representation on this case according to (12) contains equivalent summands.
Next, we will describe a special class of invariant metrics on this space (for more details see for example [St],
[ArSaSt1] and [ArSaSt2]). The basic approach is to use an appropriate subgroupK ofG, such that the special
class of Ad(K)-invariant inner products, which are a subset of Ad(H)-invariant inner products, are diagonal.
In order to have this, it is sufficient for the subgroup K to satisfy the condition H ⊂ K ⊂ NG(H) ⊂ G.
We take the subgroup K = SO(k2) × SO(k3) of SO(n). Then, for the tangent space m ∼= To(G/H), we
consider the irreducible, Ad(K)-invariant and non-equivalent decomposition: m = so(k2)⊕m12⊕m13⊕m231.
Then the G-invariant metrics on G/H determined by the Ad(SO(k2)× SO(k3))-invariant scalar products
on m are given by
〈·, ·〉 = x2(−B)|so(k2) + x12(−B)|m12 + x13(−B)|m13 + x23(−B)|m23 (16)
Then by using Lemma 4.1 it follows that the only non zero triplets (up to permutation of indices) are
A222, A2(12)(12), A2(23)(23), A(13)(12)(23), where Aiii is non zero only for k2 ≥ 3.
Lemma 4.4. ([ArSaSt1]) For a, b, c = 1, 2, 3 and (a− b)(b− c)(c− a) 6= 0 the following relations hold:
Aaaa =
ka(ka − 1)(ka − 2)
2(n− 2) , Aa(ab)(ab) =
kakb(ka − 1)
2(n− 2) , A(ac)(ab)(bc) =
kakbkc
2(n− 2) .
1The direct sum m12 ⊕m13 ⊕ m23 is the tangent space of generalized Wallach space GWS.1
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Lemma 4.5. (1) The components of the Ricci tensor Ric for the invariant metric 〈·, ·〉 on G/H defined by
(16), are given as follows:
r2 =
k2 − 2
4(n− 2)x2
+
1
4(n− 2)
(
x2
x122
+ k3
x2
x232
)
,
r12 =
1
2x12
+
k3
4(n− 2)
(
x12
x13x23
−
x13
x12x23
−
x23
x12x13
)
−
1
4(n− 2)
(
(k2 − 1)
x2
x122
)
,
r23 =
1
2x23
+
1
4(n− 2)
(
x23
x13x12
−
x13
x12x23
−
x12
x23x13
)
−
1
4(n− 2)
(
(k2 − 1)
x2
x232
)
,
r13 =
1
2x13
+
k2
4(n− 2)
(
x13
x12x23
−
x12
x13x23
−
x23
x12x13
)


(17)
where n = 1 + k2 + k3.
(2) The scalar curvature Sg is given by
Sg =
1
2
(
d2
x2
+
d12
x12
+
d13
x13
+
d23
x23
)
− 1
4x2
(
A2(12)(12) +A2(13)(13) +A2(23)(23)
)
−A(12)(13)(23)
2
(
x12
x13x23
+
x13
x12x23
+
x23
x12x13
)
(18)
where d2 = dimm2 and dij = dimmij, i 6= j = 1, 2, 3.
We normalize the metric g = (x2, x12, x13, x23) by setting x23 = 1, then by solving the system {r2− r12 =
0, r12 − r23 = 0, r13 − r23 = 0} for k2 = 4 and k3 = 2, we take the following:
Theorem 4.6. ([ArSaSt1]) The Stiefel manifold V5R
7 = SO(7)/ SO(2) admits at least four invariant Ein-
stein metrics, which are determined by the Ad(SO(4) × SO(2))-invariant inner products of the form (16)
given as: g1 = (1.27429, 1.27429, 1, 1), g2 = (0.392375, 0.392375, 1, 1), g3 = (0.245146, 1.01652, 0.253386, 1),
and g4 = (0.291175, 0.669071, 1.16137, 1).
5. Generalized flag manifolds
5.1. Description of flag manifolds in terms of painted Dynkin diagrams. Let g and k be the Lie
algebras of G and K respectively and gC, kC be their complexifications. We choose a maximal torus T in G
and let h be the Lie algebra of T . Then the complexification hC is a Cartan subalgebra of gC. Let R ⊂ (hC)∗
be the root system of gC relative to the Cartan subalgebra hC and consider the root space decomposition
gC = hC ⊕∑α∈R gCα, where gCα = {X ∈ gC : ad(H)X = α(H)X, for all H ∈ hC} denotes the root space
associated to a root α. Assume that gC is semisimple, so the Killing form B of gC is non degenerate, and
we establish a natural isomorphism between hC and the dual space (hC)∗ as follows: for every α ∈ (hC)∗
we define Hα ∈ hC by the equation B(H,Hα) = α(H), for all H ∈ hC. Choose a basis Π = {α1, . . . , αℓ}
(dim hC = ℓ) of simple roots for R, and let R+ be a choise of positive roots.
Since hC ⊂ kC ⊂ gC, there is a closed subsystem RK of R such that kC = hC ⊕
∑
α∈RK
gCα. In particular,
we can always find a subset ΠK ⊂ Π such that RK = R ∩ 〈ΠK〉 = {β ∈ R : β =
∑
αi∈ΠK
kiαi, ki ∈ Z},
where 〈ΠK〉 is the space of roots generated by ΠK with integer coefficients. The complex Lie algebra kC is a
maximal reductive subalgebra of gC and thus it admits the decomposition kC = z(kC)⊕ kCss, where z(kC) is the
center of kC and kCss = [k
C, kC] is its semisimple part. Note that kCss is given by k
C
ss = h
′ ⊕∑α∈RK gCα, where
h′ =
∑
α∈ΠK
CHα ⊂ hC is a Cartan subalgebra of kCss. In fact, RK is the root system of the semisimple
part kCss and ΠK is a corresponding basis. Thus we easily conclude that dimC h
′ = cardΠK , where cardΠK
denotes the cardinality of the set ΠK . Let K be the connected Lie subgroup of G generated by k = k
C ∩ g.
Then the homogeneous manifold M = G/K is a flag manifold, and any flag manifold is defined in this way,
i.e. by the choise of a triple (g,Π,ΠK).
Set ΠM = Π\ΠK , and RM = R\RK , such that Π = ΠK ∪ ΠM , and R = RK ∪ RM , respectively. Roots
in RM are called complementary roots, and they play an important role in the geometry of M = G/K. For
example, let m the orthogonal complement of k in g with respect to B. Then we have [k,m] ⊂ m where
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m ∼= To(G/K). We set R+M = R+\R+K where R+K is the system of positive roots of kC (R+K ⊂ R+). Then
mC =
∑
α∈RM
gCα.
We conclude that all information contained in Π = ΠK ∪ΠM can be presented graphically by the painted
Dynkin diagram of M = G/K.
Definition 5.1. Let Γ = Γ(Π) be the Dynkin diagram of the fundamental system Π. By painting in black
the nodes of Γ corresponding to ΠM , we obtain the painted Dynkin diagram of the flag manifold G/K. In
this diagram the subsystem ΠK is determined as the subdiagram of white roots.
Conversely, given a painted Dynkin diagram, in order to obtain the corresponding flag manifoldM = G/K
we are working as follows: We define G as the unique simply connected Lie group corresponding to the
underlying Dynkin diagram Γ = Γ(Π). The connected Lie subgroupK ⊂ G is defined by using the additional
information Π = ΠK ∪ΠM encoded into the painted Dynkin diagram. The semisimple part of K is obtained
from the (not necessarily connected) subdiagram of white roots, and each black root, i.e. each root in ΠM ,
gives rise to one U(1)-summand. Thus the painted Dynkin diagram determines the isotropy subgroup K
and the space M = G/K completely. By using certain rules to determine whether different painted Dynkin
diagrams define isomorphic flag manifolds (see [AlAr]), one can obtain all flag manifolds G/K of a compact
simple Lie group G.
5.2. t-roots and isotropy summands. We study the isotropy representation of a generalized flag manifold
M = G/K of a compact simple Lie group G in terms of t-roots. In order to realise the decomposition of
m into irreducible Ad(K)-modules we use the center t of the real Lie algebra k. For simplicity, we fix a
system of simple roots Π = {α1, . . . , αr, φ1, . . . , φk} of R, such that r + k = ℓ = rk gC and we assume that
ΠK = {φ1, . . . , φk} is a basis of the root system RK of K so ΠM = Π\ΠK = {α1, . . . , αr}. Let Λ1, . . . ,Λr
be the fundamental weights corresponding to the simple roots of ΠM , i.e. the linear forms defined by
2(Λi,αj)
(αj ,αj)
= δij , (Λj , φi) = 0, where (α, β) denotes the inner product on (h
C)∗ given by (α, β) = (Hα, Hβ),
for all α, β ∈ (hC)∗. Then the {Λi : 1 ≤ i ≤ r} is a basis of the dual space t∗ of t, t∗ =
∑r
i=1RΛi and
dim t∗ = dim t = r.
Consider now the linear restriction map κ : h∗ → t∗ defined by κ(α) = α|t, and set Rt = κ(R) = κ(RM ).
Definition 5.2. The elements of Rt are called t-roots.
As we saw the flag manifolds G/K are determined by pairs (g,Π,ΠK). The number of ad(k)-submodules
of m ∼= To(G/K) correspond to the Dynkin mark of the simple root we paint black on the Dynkin diagram.
We recall the following definition
Definition 5.3. The Dynkin mark of a simple root αi ∈ Π (i = 1, . . . , ℓ), is the positive integer mi in the
expression of the highest root α˜ =
∑ℓ
k=1mkαk in terms of simple roots. We will denote by Mrk the function
Mrk : Π→ Z+ with Mrk(αi) = mi.
A fundamental result about t-root is the following:
Proposition 5.4. ([AlPe]) There exists a one-to-one correspondence between t-roots ξ and irreducible ad(kC)-
submodules mξ
2 of the isotropy representation of mC, which is given by
Rt ∋ ξ ↔ mξ =
∑
α∈RM :κ(α)=ξ
CEα.
Thus mC =
⊕
ξ∈Rt
mξ. Moreover, these submodules are non equivalent as ad(k
C)-modules.
5.3. Flag manifolds with four isotropy summands. The generalized flag manifolds with four isotropy
summands can be separated into two types I and II. Type I is defined by the set: Π\ΠK = {αi : Mrk(αi) = 4}
(that is b2(G/K) = 1) and Type II is given by Π\ΠK = {αi, αj : Mrk(αi) = 1,Mrk(αi) = 2} (however this
set may be define flag manifolds with four or five isotropy summands). The classification of those spaces
2We mean that [kC,mξ] ⊂ mξ for all ξ ∈ Rt.
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was given by A. Arvanitoyeorgos and I. Chrysikos in [ArCh2]. Below we will give the flag manifolds together
with the Dynkin diagram of Type I.
F4 / SU(3)× SU(2)×U(1) E7 / SU(4)× SU(3)× SU(2)×U(1)
❝
α1
2
❝
α2
3
>s
α3
4
❝
α4
2
❝
α1
1
❝
α2
2
❝
α3
3
s
α4
4
❝α72
❝
α5
3
❝
α6
2
E8(α3)/ SO(10)× SU(3)×U(1) E8(α6)/ SU(7)× SU(2)×U(1)
❝
α1
2
❝
α2
3
s
α3
4
❝
α4
5
❝α83
❝
α5
6
❝
α6
4
❝
α7
2
❝
α1
2
❝
α2
3
❝
α3
4
❝
α4
5
❝α83
❝
α5
6
s
α6
4
❝
α7
2
LetM = G/K be a generalized flag manifold of Type I and let m = m1⊕m2⊕m3⊕m4 be a decomposition
of m = ToM into irreducible non-equivalent Ad(K)-modules, with respect to the negative of the Killing form
B of G. Then, a G-invariant metric on M = G/K is given by
g = 〈·, ·〉 = x1(B)|m1 + x2(B)|m2 + x3(B)|m3 + x4(B)|m4 (19)
where xi ∈ R+, i = 1, 2, 3, 4. Very often we will denote such metrics with g = (x1, x2, x3, x4). The Ricci
tensor for the above metric has (as symmetric, covariant 2-tensor) the same expression that is: Ric〈·,·〉 =∑4
i=1 xiri(−B)|mi , where ri, i = 1, 2, 3, 4 are the components of the Ricci tensor and are given as follows:
Proposition 5.5. ([ArCh2]) (1) The components of the Ricci tensor Ric for the invariant metric 〈·, ·〉 on
G/K defined by (19), are given as follows:
r1 =
1
2x1
−
A112
2d1
x2
x21
+
A123
2d1
( x1
x2x3
−
x2
x1x3
−
x3
x1x2
)
+
A134
2d1
( x1
x3x4
−
x3
x1x4
−
x4
x1x3
)
r2 =
1
2x2
−
A224
2d2
x4
x22
+
A112
4d2
(x2
x21
−
2
x2
)
+
A123
2d2
( x2
x1x3
−
x1
x2x3
−
x3
x1x2
)
r3 =
1
2x3
+
A123
2d3
( x3
x1x2
−
x2
x1x3
−
x1
x2x3
)
+
A134
2d3
( x3
x1x4
−
x1
x3x4
−
x4
x1x3
)
r4 =
1
2x4
+
A224
4d4
(x4
x22
−
2
x4
)
+
A134
2d4
( x4
x1x3
−
x1
x3x4
−
x3
x1x4
)
.


(20)
(2) The scalar curvature is given by
Sg =
1
2
(
d1
x1
+
d2
x2
+
d3
x3
+
d4
x4
)
+
A112
4
(
− 2
x2
− x2
x21
)
+
A123
2
(
− x1
x2x3
− x2
x1x3
− x3
x1x2
)
+
A224
4
(
− 2
x4
− x4
x22
)
+
A134
2
(
− x1
x3x4
− x3
x1x4
− x4
x1x3
)
, (21)
where di = dimmi, i = 1, 2, 3, 4.
In [ArCh2] the authors compute the numbers Aijk using the twistor fibration which admits any flag
manifold M = G/K of a compact (semi)-simple Lie group G, over an irreducible symmetric space G/L of
compact type. In particular we have the following table for Aijk and the dimensions di.
Table 4. The numbers Aijk and the dimensions for the flag manifold of Type I
M = G/K A224 A112 A123 A134 d1 d2 d3 d4
F4 /SU(3)× SU(2)× U(1) 2 2 1 2/3 12 18 4 6
E7 /SU(4)× SU(3)× SU(2)× U(1) 2 8 4 4/3 48 36 16 6
E8(α3)/SO(10)× SU(3)× U(1) 2 16 8 8/5 96 60 32 6
E8(α6)/SU(7) × SU(2)× U(1) 14/3 14 7 14/5 84 70 28 14
Ricci flow on certain homogeneous spaces 11
After normalizing the metric g = (x1, x2, x3, x4) by setting x1 = 1. Then g is Einstein if and only the
system: {r1 − r2 = 0, r2 − r3 = 0, r3 − r4 = 0} has positive solution. After solving the previous system for
each flag manifold separately we obtain the following theorem
Theorem 5.6. ([ArCh2]) (1) The generalized flag manifolds G/K associated to the exceptional Lie groups
F4,E7 and E8(α3) admits (up to scale) three G-invariant Einstein metrics. One is Ka¨hler given by g =
(1, 2, 3, 4) and other two are non-Ka¨hler given approximatelly as follows:
F4 : g1 = (1, 1.2761, 1.9578, 2.3178), g2 = (1, 0.9704, 0.2291, 1.0097)
E7 : g1 = (1, 0.8233, 1.2942, 1.3449), g2 = (1, 0.9912, 0.5783, 1.1312)
E8(α3) : g1 = (1, 0.9133, 1.4136, 1.5196), g2 = (1, 0.9663, 0.4898, 1.0809)
(2) If G/K = E8(α6)/ SO(10) × SU(3) × U(1) then G/K admits (up to scale) five E8-invariant Einstein
metrics. One is Ka¨hler given by g = (1, 2, 3, 4) and other four are non-Ka¨hler given approximatelly as
follows: g1 = (1, 0.6496, 1.1094, 1.0610), g2 = (1, 1.1560, 1.0178, 0.2146), g3 = (1, 1.0970, 0.7703, 1.2969), g4 =
(1, 0.7633, 1.0090, 0.1910).
6. Poincare´ compactification
The method of Poincare´ compactification dates back to 1881. The main idea is to pass the study of a
vector field on a non compact manifold, to its study on the sphere (compact manifold). This allows us to
better understand its behavior at infinity. Poincare´ was studying the behavior of polynomial planar vector
fields at infinity by means of the central projection. For more details of the description of this method for
n-dimensional case can be found in [Ve]. Next, we will describe the method in three dimensions.
Let (x1, x2, x3) be the coordinates of R
3 and X = P1(x1, x2, x3)
∂
∂x1
+P2(x1, x2, x3)
∂
∂x2
+P3(x1, x2, x3)
∂
∂x3
be a polynomial vector field of degree d = max{deg(P1), deg(P2), deg(P3)}. We consider the sphere S3 =
{(y1, y2, y3, y4) ∈ R4 : y21 + y22 + y23 + y24 = 1}, which we shall call the Poincare´ sphere with north hemishpere
S3+ = {y ∈ S3 : y4 > 0}, south hemishpere S3− = {y ∈ S3 : y4 < 0} and equator S2 = {y ∈ S3 : y4 = 0}.
The central projection from R3 to the Poincare´ sphere is defined as follows:
f+ : R
3 → S3, (x1, x2, x3) 7→
(
x1
∆(x)
,
x2
∆(x)
,
x3
∆(x)
,
1
∆(x)
)
f− : R
3 → S3, (x1, x2, x3) 7→
( −x1
∆(x)
,
−x2
∆(x)
,
−x3
∆(x)
,
−1
∆(x)
)
, (22)
where ∆(x) =
√
x21 + x
2
2 + x
2
3 + 1. The maps f+ and f− define the following two vectors fields on each
hemisphere
(df+)xX(x) at y = f+(x), and (df−)xX(x) at y = f−(x).
However, these two vector fields can not be extended to the equator S2. Indeed, in the case where y ∈ U1 =
{y ∈ S3 : y1 > 0} where U1 is the local chart with corresponding map:
ϕ1 : U1 → R3, ϕ1(y) =
(
y2
y1
,
y3
y1
,
y4
y1
)
(23)
we shall denote by z = (z1, z2, z3) the value of ϕ1(y), so that z represent different things according to the
case under consideration.
Remark 6.1. There are eight of these charts: Ui = {y ∈ S3 : yi > 0} and Vi = {y ∈ S3 : yi < 0} with
i = 1, 2, 3, 4 and the local maps for the corresponding charts are given by ϕi : Ui → R3, ψi : Vi → R3 with
ϕi(y) = −ψi(y) =
(
yn
yi
,
ym
yi
,
yk
yi
)
, for n < m < k and n,m, k 6= i.
By using (22) and (23) we have
z = ϕ1(y) =
(
y2
y1
,
y3
y1
,
y4
y1
)
=
(
x2
x1
,
x3
x1
,
1
x1
)
. (24)
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The differential of f+ in the case where y is in the upper hemisphere, is given by the following matrix
{(df+)x}ij = ∂zi
∂xj
=


−x2
x2
1
1
x1
0
−x3
x2
1
0 1
x1
− 1
x2
1
0 0

 .
Therefore
(df+)xX(x) = (1/x1)
2 (−x2P1(x) + x2P2(x),−x3P1(x) + x1P3(x),−P1(x)) . (25)
We can write the above expression in terms of the corresponding point on the sphere and we get for (24)
(df+)xX(x) =
(
y4
y1
)2 {
−y2
y4
P1
(
y1
y4
,
y2
y4
,
y3
y4
)
+
y1
y4
P2
(
y1
y4
,
y2
y4
,
y3
y4
)
,
−y3
y4
P1
(
y1
y4
,
y2
y4
,
y3
y4
)
+
y1
y4
P3
(
y1
y4
,
y2
y4
,
y3
y4
)
,−P1
(
y1
y4
,
y2
y4
,
y3
y4
)}
(26)
It is clear that if we multiply the above vector field by the factor yd−14 (it depends only on the degree d of
the polynomial vector field X) then the vector field (26) extends into S2. We will take the same expression
for the induced vector field as (26) in case where we work on lower hemisphere. Actually, if we denote by
X¯(y) the vector field on S3 \ S2 = S3+ ∪ S3− then to extend X¯(y) to the Poincare´ sphere S3, we define the
Poincare´ compactification of X = (P1, P2, P3) denoted by p(X) and is given as p(X)(y) = y
d−1
4 X¯(y).
Theorem 6.2. ([Ve]) The vector field p(X) extends X¯(y) analytically to the whole sphere S3, in such a way
that the equator S2 is invariant.
The important point here is the fact that if we know the behavior of p(X) around the equator, then we
know the behavior of X in the neighborhood of infinity.
Now we will give explicitly the expressions of p(X) in the local charts. It is convenient to express these
fields in terms of the variable z = (z1, z2, z3) of R
3. In the chart (U1, ϕ1) we have from (24) that y1/y4 = 1/z3,
y3/y4 = z2/z3, y2/y4 = z1/z3 and also y
2
4 = z
2
3/∆(z)
2 where ∆(z) =
√
z21 + z
2
2 + z
2
3 + 1. From (24) and
because y1 > 0 the y4 has the same sign as z3. Thus y4 = z3/∆(z). Then after some substitutions it turns
out that p(X) can be expressed as
zd3
∆(z)d−1
{
−z1P1
(
1
z3
,
z1
z3
,
z2
z3
)
+ P2
(
1
z3
,
z1
z3
,
z2
z3
)
,
−z2P1
(
1
z3
,
z1
z3
,
z2
z3
)
+ P3
(
1
z3
,
z1
z3
,
z2
z3
)
,−z3P1
(
1
z3
,
z1
z3
,
z2
z3
)}
. (27)
The expression in the chart (U2, ϕ2) is
zd3
∆(z)d−1
{
P1
(
z1
z3
,
1
z3
,
z2
z3
)
− z1P2
(
z1
z3
,
1
z3
,
z2
z3
)
,
−z2P2
(
z1
z3
,
1
z3
,
z2
z3
)
+ P3
(
z1
z3
,
1
z3
,
z2
z3
)
,−z3P2
(
z1
z3
,
1
z3
,
z2
z3
)}
. (28)
For the chart (U3, ϕ3) we have
zd3
∆(z)d−1
{
P1
(
z1
z3
,
z2
z3
,
1
z3
)
− z1P3
(
z1
z3
,
z2
z3
,
1
z3
)
,
P2
(
z1
z3
,
z2
z3
,
1
z3
)
− z2P3
(
z1
z3
,
z2
z3
,
1
z3
)
,−z3P3
(
z1
z3
,
z2
z3
,
1
z3
)}
(29)
Finally for the chart (U4, ϕ4) we have {P1(z1, z2, z3), P2(z1, z2, z3), P3(z1, z2, z3)}
We can avoid the use of the factor 1/∆(z)d−1 in the expression of p(X). Also, note that for the singularities
at infinity have z3 = 0. For the charts (V1, ψ1), (V2, ψ2) and (V3, ψ3) the expression of p(X) is the same as
(27), (28) and (29) multiplied by the factor (−1)d−1.
By the same method we can describe the necessary formulas for the compactified vector field in case
of four-dimensional. We use (z1, z2, z3, z4) as coordinates. If the original polynomial vector field is X =
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∑4
i=1 Pi(x1, x2, x3, x4)
∂
∂xi
, with d = max{deg(P1), . . . , deg(P4)} the degree of X then the equations of the
compactified field p(X) are given as follows:
On the chart (U1, ϕ1) it is
zd4
∆(z)d−1
{
−z1P1
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
+ P2
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
,
−z2P1
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
+ P3
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
,−z3P1
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
+ P4
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)
,
−z4P1
(
1
z4
,
z1
z4
,
z2
z4
,
z3
z4
)}
(30)
The expression in the chart (U2, ϕ2) is
zd4
∆(z)d−1
{
P1
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
− z1P2
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
,
−z2P2
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
+ P3
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
,−z3P2
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
+ P4
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)
,
−z4P2
(
z1
z4
,
1
z4
,
z2
z3
,
z3
z4
)}
(31)
For the chart (U3, ϕ3) we have
zd4
∆(z)d−1
{
P1
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
− z1P3
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
,
P2
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
− z2P3
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
,−z3P3
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
+ P4
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)
,
−z4P3
(
z1
z4
,
z2
z4
,
1
z4
,
z3
z4
)}
(32)
For the chart (U4, ϕ4) we have
zd4
∆(z)d−1
{
P1
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
− z1P4
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
,
P2
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
− z2P4
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
,−z3P4
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
+ P3
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)
,
−z4P4
(
z1
z4
,
z2
z4
,
z3
z4
,
1
z4
)}
(33)
Finally for the chart (U5, ϕ5) we have {P1(z1, z2, z3, z4), P2(z1, z2, z3, z4), P3(z1, z2, z3, z4), P4(z1, z2, z3, z4)}
7. The behavior of the normalized Ricci flow
We analyse the Ricci flow of invariant metrics on the generalizedWallach space, the Stiefel manifolds V2R
n,
V1+k2R
1+k2+k3 and the generalized flag manifolds G/K with four isotropy summands and b2(G/K) = 1.
7.1. Ricci flow for the generalized Wallach spaces. By using the Ricci components and scalar curvature
of subsection 3.1 it is easy to see that system (8) reduces to
x˙1 =
1
x2x3(d1 + d2 + d3)
{
a1
(
(d2 + d3)
(
x1
2 − x22 − x32
)− 2d1 (x22 + x32))
+x3(2d1x2 + d2(x1 + x2)) + d3x2(x1 + x3)
}
x˙2 =
1
x1x3(d1 + d2 + d3)
{− a1d1 (x12 + x22 + x32)− a2(d1 + d2 + d3) (x12 − x22 + x32)
+x3(x1(d1 + 2d2 + d3) + d1x2) + d3x1x2
}
x˙3 =
1
x1x2(d1 + d2 + d3)
{− a1d1 (x12 + x22 + x32)− a3(d1 + d2 + d3) (x12 + x22 − x32)
+x1x2(d1 + d2 + 2d3) + x3(d1x2 + d2x1)
}
.
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The above system is not polynomial, hence in order to apply the Poincare´ compactification, we multiply it
by the factor (d1 + d2 + d3)x1x2x3. Then we obtain the following system:
x˙1 = x1
(−2a1d1x22 − 2a1d1x32 + a1d2x12 − a1d2x22 − a1d2x32 + a1d3x12 − a1d3x22 − a1d3x32
+2d1x2x3 + d2x1x3 + d2x2x3 + d3x1x2 + d3x2x3)
x˙2 = x2
(−a1d1x12 − a1d1x22 − a1d1x32 − a2d1x12 + a2d1x22 − a2d1x32 − a2d2x12 + a2d2x22
−a2d2x32 − a2d3x12 + a2d3x22 − a2d3x32 + d1x1x3 + d1x2x3 + 2d2x1x3 + d3x1x2 + d3x1x3
)
x˙3 = x3
(−a1d1x12 − a1d1x22 − a1d1x32 − a3d1x12 − a3d1x22 + a3d1x32 − a3d2x12 − a3d2x22
+a3d2x3
2 − a3d3x12 − a3d3x22 + a3d3x32 + d1x1x2 + d1x2x3 + d2x1x2 + d2x1x3 + 2d3x1x2
)
(34)
If we denote by Pi(x1, x2, x3) the x˙i, for i = 1, 2, 3 respectively, then the degree of the vector field X =∑3
i=1 Pi(x1, x2, x3)
∂
∂xi
is 3. Now we study the system (34) at infinity. We apply the Poincare´ compoctification
to the above system written in the chart (U1, ϕ1) as follows:
z˙1 = z1(d1 + d2 + d3)
((
z1
2 − 1) (a1 + a2) + z22(a1 − a2)− z1z2 + z2)
z˙2 = z2(d1 + d2 + d3)
(
a1
(
z1
2 + z2
2 − 1)+ a3 (−z12 + z22 − 1)+ z1(−z2) + z1)
z˙3 = z3
(
a1
(
2d1
(
z1
2 + z2
2
)
+ d2
(
z1
2 + z2
2 − 1)+ d3 (z12 + z22 − 1))
−z2(z1(2d1 + d2 + d3) + d2)− d3z1) . (35)
In order to find the singularities at infinity of the above system we set z3 = 0. We will substitute into
(35), the values of the dimensions d1, d2, d3 and a1, a2, a3 from Tables 1 and 2 respectively. Then we have
the following:
For the generalized Wallach space GWS.1 SO(k + l+m)/ SO(k)× SO(l)× SO(m) the system (35) comes:
z˙1 = z1(−k(l +m)− lm)
(
2(z1 − 1)z2(k + l +m− 2) +
(
z1
2 − 1) (−l−m) + z22(l −m))
z˙2 = z2(−k(l +m)− lm)
(
k
(
2z1z2 + (z1 − 1)2 − z22
)
+ 2(l− 2)z1(z2 − 1)
−m (−2z1z2 + z1(z1 + 2) + z22 − 1))
It is easy to see that for some values of k, l and m the above system has two or four solutions. For example,
(1) For (k, l,m) = (1, 2, 3) the solutions are: (3.41890, 3.33739) and (0.54218, 0.79241)
(2) For (k, l,m) = (1, 3, 4) the solutions are: (2.67712, 2.44107) and (0.48352, 0.76977)
(3) For (k, l,m) = (5, 6, 7) the solutions are: (1.84323, 1.20925), (1.11957, 1.30861), (0.55351, 0.60545)
and (1.10730, 1.62678).
GWS.2 SU(k + l +m)/ SU(k)× SU(l)× SU(m)
z˙1 = z1(−k(l +m)− lm)
(
2(z1 − 1)z2(k + l +m) +
(
z1
2 − 1) (−l −m) + z22(l −m)) ,
z˙2 = z2(−k(l +m)− lm)(2z1z2(k + l+m)− z22(k +m) + kz12 − 2kz1 + k − 2lz1 −mz12 − 2mz1 +m).
The solutions are: ((k+m)/(k+ l), (l+m)/(k+ l)), ((k+m)/(k+ l), (2k+ l+m)/(k+ l)), ((k+2l+m)/(k+
l), (l +m)/(k + l)) and ((k +m)/(k + l + 2m), (l +m)/(k + l + 2m)).
For the generalized Wallach space GWS.3 Sp(k + l+m)/ Sp(k)× Sp(l)× Sp(m) the system (35) comes:
z˙1 = z1(−k(l +m)− lm)
(
2(z1 − 1)z2(k + l +m+ 1) +
(
z1
2 − 1) (−l−m) + z22(l −m))
z˙2 = z2(−k(l +m)− lm)
(
k
(
2z1z2 + (z1 − 1)2 − z22
)
+ 2(l+ 1)z1(z2 − 1)
−m (−2z1z2 + z1(z1 + 2) + z22 − 1)) .
It is easy to see that for some values of k, l and m the above system has four solutions. For example,
(1) For (k, l,m) = (1, 2, 3) the solutions are: (3.26361, 1.60389), (1.30670, 3.18223), (1.23251, 1.39606)
and (0.38050, 0.46780).
(2) For (k, l,m) = (2, 5, 7) the solutions are: (2.94748, 1.67504), (1.27217, 2.71689), (1.24716, 1.53155)
and (0.40168, 0.52944).
Ricci flow on certain homogeneous spaces 15
GWS.4 SU(2l)/U(l)
z˙1 = 2
(
3l2 − 1) z1 (l(z1 − 1)(z1 − 2z2 + 1) + z22)
z˙2 =
(
3l2 − 1) z2 (2l (−2z1(z2 − 1) + z22 − 1)+ z12 + z22 − 1) .
It is easy to see that for l ≥ 2 we take two fixed points for the above system. For example we have:
(1) For l = 2 the solutions are: (3.33739, 3.41890) and (0.79241, 0.54218)
(2) For l = 3 we have (2.284185, 2.37279) and (0.8, 0.6)
(3) For l = 4 we have (1.92054, 2.00752) and (0.80856, 0.6382707).
GWS.5 SO(2l)/U(1)×U(l − 1)
z˙1 = 2(l + 2)(z1 − 1)z1((l − 2)(z1 + 1)− 2(l − 1)z2),
z˙2 = (l + 2)z2
(
l
(−4z1z2 + z1(z1 + 4) + z22 − 1)− 4z1(z1 − z2 + 1))
The solutions are: (1, 2), (1, (2l− 4)/l), (l/(3l− 4), 2(l− 2)/(3l− 4)) and ((3l − 4)/l, 2(l− 2)/l).
GWS.6 E6 / SU(4)× SU(2)× SU(2)×U(1)
z˙1 = 28(z1 − 1)z1(z1 − 2z2 + 1), z˙2 = (14/3)z2
(
z1
2 − 12z1(z2 − 1) + 5z22 − 5
)
.
The solutions are: (0.6, 0.8) and (1.66667, 1.33333).
GWS.7 E6 / SO(8)× U(1)×U(1)
z˙1 = 16(z1 − 1)z1(z1 − 3z2 + 1), z˙2 = 16z2
(−3z1(z2 − 1) + z22 − 1) .
The solutions are: (1, 1), (2, 1), (1, 2) and (1/2, 1/2).
GWS.8 E6 / Sp(3)× SU(2)
z˙1 = (27/4)z1
(
3z1
2 − 8z1z2 + z2(z2 + 8)− 3
)
, z˙2 = −(9/4)z2
(
z1
2 + 24z1(z2 − 1)− 13z22 + 13
)
.
The solutions are: (0.864003, 0.483834) and (1.46177, 1.884488).
GWS.9 E7 / SO(8)× SU(2)× SU(2)× SU(2)
z˙1 = (32/3)(z1 − 1)z1(4z1 − 9z2 + 4), z˙2 = (32/3)(z2 − 1)z2(−9z1 + 4z2 + 4).
The solutions are: (1, 1), (1.25, 1), (1, 1.25) and (0.8, 0.8).
GWS.11 E7 / SO(8)
z˙1 = (35/3)(z1 − 1)z1(5z1 − 9z2 + 5), z˙2 = (35/3)(z2 − 1)z2(−9z1 + 5z2 + 5).
The solutions are: (1, 1), (1, 0.8), (0.8, 1) and (1.25, 1.25).
GWS.12 E8 / SO(12)× SU(2)× SU(2)
z˙1 = (176/5)(z1 − 1)z1(2z1 − 5z2 + 2), z˙2 = −(176/5)z2
(
z1
2 + 15z1(z2 − 1)− 7z22 + 7
)
.
The solutions are: (1, 1.456083) and (1, 0.686773).
GWS.13 E8 / SO(8)× SO(8)
z˙1 = (64/5)(z1 − 1)z1(8z1 − 15z2 + 8), z˙2 = (64/5)(z2 − 1)z2(−15z1 + 8z2 + 8).
The solutions are: (1, 1), (1, 0.875), (0.875, 1) and (1.142857, 1.142857).
GWS.14 F4 / SO(5)× SU(2)× SU(2)
z˙1 = 4(z1 − 1)z1(5z1 − 9z2 + 5), z˙2 = 2z2
(−18z1z2 + 3z1(z1 + 6) + 7z22 − 7)
The solutions are: (0.485288, 0.825160) and (2.060629, 1.700349).
GWS.15 F4 / SO(8)
z˙1 = (8/3)(z1 − 1)z1(2z1 − 9z2 + 2), z˙2 = (8/3)(z2 − 1)z2(−9z1 + 2z2 + 2).
The solutions are: (1, 1), (3.5, 1), (1, 3.5) and (0.285714, 0.285714).
Since we work on the chart (U1, ϕ1) that corresponds to the plane y1 = 1, we consider metrics which are
of the form (1, α, β), where α, β are the solutions of system (35) for z3 = 0. These metrics are invariant
Einstein metrics on M . We have thus proved the following.
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Theorem 7.1. Let G/H be a genaralized Wallach space. The normalized Ricci flow, on the space of
invariant Riemannian metrics on G/H, possesses exactly two or four singularities at infinity. These fixed
points correspond to the G-invariant Einstein metrics on G/H (cf subsection 3.1).
7.2. Ricci flow for the Stiefel manifold V2R
n. By using the Ricci components (14) and scalar curvature
(15) of the metric (13) it is easy to see that, for the Stiefel manifold V2R
n system (8) reduces to
x˙0 =
(n− 2)x02 + (n− 2)x0(x1 + x2)− (n− 1)(x1 − x2)2
(2n− 3)x1x2
x˙1 =
(5− 3n)x02 + 2(n− 2)x0((n− 2)x1 + (3n− 5)x2) + (x1 − x2)((n− 1)x1 + (3n− 5)x2)
2(n− 2)(2n− 3)x0x2
x˙2 =
(5− 3n)x02 + 2(n− 2)x0((3n− 5)x1 + (n− 2)x2)− (x1 − x2)((3n− 5)x1 + (n− 1)x2)
2(n− 2)(2n− 3)x0x1 .
We observe that the above system is not a polynomial system, therefore we cannot apply the Poincare´
compactification directly. We multiply it by the factor 2(n− 2)(2n− 3)x0x1x2, with this multiplication will
only change the time of parametrization of the orbits and not the structure of the phase portrait. After that
we take the following system:
x˙0 = (n− 2)
(
nx0
2 + nx0x1 + nx0x2 − nx12 + 2nx1x2
−nx22 − 2x02 − 2x0x1 − 2x0x2 + x12 − 2x1x2 + x22
)
x0
x˙1 = 1/2
(
2n2x0x1 + 6n
2x0x2 − 3nx02 − 8nx0x1 − 22nx0x2
+nx1
2 + 2nx1x2 − 3nx22 + 5x02 + 8x0x1 + 20x0x2 − x12 − 4x1x2 + 5x22
)
x1
x˙2 = 1/2
(
6n2x0x1 + 2n
2x0x2 − 3nx02 − 22nx0x1 − 8nx0x2
−3nx12 + 2nx1x2 + nx22 + 5x02 + 20x0x1 + 8x0x2 + 5x12 − 4x1x2 − x22
)
x2. (36)
If we denote by Pi(x0, x1, x2) the x˙i, for i = 0, 1, 2 respectively, then the degree of the vector field
X =
∑2
i=0 Pi(x0, x1, x2)
∂
∂xi
is 3. From the above system it is easy to see the following lemma:
Lemma 7.2. The coordinate planes along with the straight line γ(t) = ((2(n− 2)/(n− 1))t, t, t), remain
invariant under the flow defined by the system of (36).
To study the singularities at infinity of (36), we should write this system in the local charts of the Poincare´
compactification. Because we are interesting for positive values of x0, x1 and x2 we study the behavior of
the previous system only on the chart (U1, ϕ1). Therefore from (27) we have:
z˙1 = 1/2(2n− 3)z1
(
(n− 1) (z12 − 1)− 2(n− 2)(z1 − 1)z2 + (n− 3)z22)
z˙2 = 1/2(2n− 3)z2
(
n
(−2z1z2 + z1(z1 + 2) + z22 − 1)− 3z12 + 4z1(z2 − 1)− z22 + 1)
z˙3 = (n− 2)z3
(
n
(
z1
2 − z1(2z2 + 1) + (z2 − 1)z2 − 1
)− (z1 − z2)2 + 2(z1 + z2 + 1)) . (37)
In order to find the singularities at the infinity of the above system we set z3 = 0. Then it is easy to see that
the system {z˙1 = 0, z˙2 = 0} has only one solution namely (z1, z2) = ((n− 1)/2(n− 2), (n− 1)/2(n− 2)).
Since we work on the chart (U1, ϕ1) that corresponds to the plane y1 = 1, we consider metrics whose are
the form (1, α, β), where α, β are the solution of the system (37) for z3 = 0. These metrics are invariant
Einstein metrics on M . We have thus proved the following.
Theorem 7.3. Let G/H be the Stiefel manifold V2R
n. The normalized Ricci flow on the space of invariant
Riemannian metrics on G/H, possesses exactly one singularity at infinity. This fixed point corresponds to
the unique (up to scale) G-invariant Einstein metric on G/H (cf. Theorem 4.3).
7.3. Ricci flow on the Stiefel manifold V1+k2R
n. We study the behavior of the normalized Ricci flow
for the Stiefel manifold V1+k2R
n. For this case we take the Ricci components (17) and scalar curvature (18)
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of the metric (16). Then, system (8) reduces to
x˙2 = − 1
2(k2 + 1)(k2 − 2n+ 2)(n− 2)x122x13x232
{
4(x23
2(−x13x22(k22 − (k2 + 1)n+ k2 + 1)
+k2x12
2x13(k2(n− 3) + n) + 2(n− 2)x12x2(x12(−k2 + n− 1) + k2x13)) + x122x13x22(k2
−n+ 1)(k22 − (k2 + 1)n+ k2 + 1) + k2x12x2x23(k2 − n+ 1)(−2(n− 2)x12x13 + x122 + x132)
+k2x12x2x23
3(k2 − n+ 1))
}
.
x˙12 = − 1
2(k2 + 1)(n− 2)(k2 − 2n+ 2)x12x13x2x232
{
x23(x12
3(−k2 + n− 1) + x12(x132(k2 − n+ 1)
+x23
2(k2 − n+ 1) + 2(n− 2)x13x23)− (k2 − 1)x13x2x23) + 2k2x12x2x23(k2 − n+ 1)(−2(n
−2)x12x13 + x122 + x132) + x232(4(n− 2)x12x2(x12(−k2 + n− 1) + k2x13) + (k2 − 2)(k2 − 1)k2
x12
2x13 − (k2 − 1)k2x13x22) + (k2 − 1)k2x122x13x22(k2 − n+ 1) + 2k2x12x2x233(k2 − n+ 1)
}
.
x˙13 = − 1
2(k2 + 1)(n− 2)(k2 − 2n+ 2)x122x2x232
{
2k2x12x2x23(k2 − n+ 1)(−2(n− 2)x12x13 + x122
+x13
2) + x12x23(k2(x12
2 − x132 + x232)− 2(n− 2)x12x23) + x232(4(n− 2)x12x2(x12(−k2 + n
−1) + k2x13) + (k2 − 2)(k2 − 1)k2x122x13 − (k2 − 1)k2x13x22) + (k2 − 1)k2x122x13x22(k2 − n
+1) + 2k2x12x2x23
3(k2 − n+ 1)
}
.
x˙23 = − 1
2(k2 + 1)(n− 2)(k2 − 2n+ 2)x122x13x2x23
{
x12x2x23
3(k2
2 − k2 + 2n− 2) + x12x2x23(k2(3k2
−4n+ 5)− 2n+ 2)(−2(n− 2)x12x13 + x122 + x132) + x232(4(n− 2)x12x2(x12(−k2 + n− 1)
+k2x13) + (k2 − 2)(k2 − 1)k2x122x13 − (k2 − 1)k2x13x22)
+(k2 − 1)x122x13x22(2(k2 + 1)2 − (3k2 + 2)n)
}
.
The above system is not polynomial, hence in order to apply the Poincare´ compactification, we multiply it
by the factor 2(k2 + 1)(n− 2)(k2 − 2n+ 2)x122x13x2x223. Then we obtain the following system:
x˙2 = −2x2(x232(−x13x22(k22 − (k2 + 1)n+ k2 + 1) + (k2 − 2)x122x13(k2(n− 2) + n− 1)
+2(n− 2)x12x2(x12(−k2 + n− 1) + k2x13)) + x122x13x22(k2 − n+ 1)(k22 − (k2 + 1)n+ k2 + 1)
+k2x12x2x23(k2 − n+ 1)(−2(n− 2)x12x13 + x122 + x132) + k2x12x2x233(k2 − n+ 1)).
x˙12 = −x12(x12x2x23(k2 − n+ 1)(x122(k22 − 2(k2 + 1)n+ 5k2 + 2)− x132(k22 − 2(k2 + 1)n+ k2 + 2)
−4k2(n− 2)x12x13) + x232(x13x22(k22(k2 − 2n+ 1) + 2(n− 1))− 2(n− 2)x12x2(2x12(k2
−n+ 1) + (k2 + 1)x13(k2 − 2n) + 2x13) + (k2 − 2)(k2 − 1)k2x122x13) + x12x2x233(−(k2 − n
+1))(k2
2 − 2(k2 + 1)n+ k2 + 2) + (k2 − 1)k2x122x13x22(k2 − n+ 1)).
x˙13 = x13(k2x12x2x23(x12
2(−k22 + 2(k2 + 2)n− 5k2 − 4) + 4(n− 2)x12x13(k2 − n+ 1) + k2x132(k2
−2n+ 1))− x232(2(n− 2)x12x2(x12(−k22 + 2(k2 + 2)n− 5k2 − 4) + 2k2x13) + (k2 − 2)(k2
−1)k2x122x13 − (k2 − 1)k2x13x22)− k2x12x2x233(k22 − 2(k2 + 2)n+ 5k2 + 4) + (1
−k2)k2x122x13x22(k2 − n+ 1)).
x˙23 = −x23(x12x2x233(k22 − k2 + 2n− 2) + x12x2x23(k2(3k2 − 4n+ 5)− 2n+ 2)(−2(n− 2)x12x13
+x12
2 + x13
2) + x23
2(4(n− 2)x12x2(x12(−k2 + n− 1) + k2x13) + (k2 − 2)(k2 − 1)k2x122x13
−(k2 − 1)k2x13x22) + (k2 − 1)x122x13x22(2(k2 + 1)2 − (3k2 + 2)n)). (38)
If we denote by P2(x1, x2, x3, x4) the x˙2, and by Pij(x2, x12, x13, x23) the x˙ij for i < j = 1, 2, 3 respectively
then the degree of vector field X = P2(x2, x12, x13, x23)
∂
∂x2
+
∑
i<j=1,2,3 Pij(x2, x12, x13, x23)
∂
∂xij
is 6. Now,
in order to study the singularities at infinity of (38), we should write this system in the local charts of the
Poincare´ compactification. Because we are interested for positive values of x2, x12, x13 and x23 we study the
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behavior of the previous system only in to the chart (U1, ϕ1). Therefore from (30) we have:
z˙1 = (−k2 − 1)z1(k2 − 2n+ 2)(z3(z22(k2(z12 + 1)− 2z1(n+ z1 − 2)) + z12(−k2 + n− 1))
+z1z2z3
2(−k2 + n− 1) + z1z2(k2 − n+ 1)(z1 − z2)(z1 + z2))
z˙2 = (−k2 − 1)z2(k2 − 2n+ 2)(z12z3(z2((k2 − 2)z2 + 4)− 2nz2 + n− 2) + z13z2
+z1z2(z3
2 − z22) + z22z3)
z˙3 = (−k2 − 1)z3(k2 − 2n+ 2)(z3(z12((k2 − 2)z22 − k2 + n− 1) + z22) + z1z2(k2(z12 + z22)
−2(n− 2)z1z2)− k2z1z2z32)
z˙4 = 2z4(z3(z1
2(k2 − n+ 1)(k22 − (k2 + 1)n+ k2 + 1) + z22((k2 − 2)z12(k2(n− 2) + n− 1)
+2k2(n− 2)z1 + k2(−k2 + n− 1) + n− 1)− 2k2(n− 2)z12z2(k2 − n+ 1))
+z1z2(k2 − n+ 1)(k2(z12 + z22)− 2(n− 2)z1z2) + k2z1z2z32(k2 − n+ 1)). (39)
In order to find the singularities at infinity of the above system we set z4 = 0. Next, we compute the fixed
points of the system z˙1 = 0, z˙2 = 0, z˙3 = 0 for specific values of k2 and k3 > 1. We have:
• V5R7: (4.1466, 4.07919, 1.03361), (2.29783, 3.43436, 3.98856), (1, 2.54858, 2.54858), (1, 0.78475, 0.78475).
• V5R8: (5.39567, 4.8672, 2.16024), (2.31234, 4.49843, 4.93295), (1, 3.29099, 3.29099), (1, 0.709006, 0.709006).
• V5R9: (7.07649, 5.72125, 3.18365), (2.29953, 5.50036, 5.84781), (1, 4, 4), (1, 0.666667, 0.666667).
. . .
• V6R8: (3.19365, 3.15771, 0.674502), (1.86343, 2.64311, 3.07833), (1, 2.20711, 2.20711), (1, 0.792893, 0.792893).
• V6R9: (3.99996, 3.71213, 1.41708), (1.89382, 3.36866, 3.73723), (1, 2.78078, 2.78078) (1, 0.719224, 0.719224).
• V6R10: (5.08522, 4.28431, 2.11137), (1.9004, 4.05041, 4.36229), (1, 3.32288, 3.32288), (1, 0.677124, 0.677124).
. . .
• V7R9: (2.71186, 2.68928, 0.499721), (1.64442, 2.25706, 2.6166), (1, 2, 2), (0.95544, 0.798009, 0.734193),
(0.805105, 0.771014, 0.379868), (1, 0.8, 0.8).
• V7R10: (3.30651, 3.12526, 1.05079), (1.67763, 2.81537, 3.13489), (1, 2.47178, 2.47178), (1, 0.72822, 0.72822).
• V7R11: (4.09475, 3.56039, 1.57905), (1.69202, 3.3375, 3.61929), (1, 2.91355, 2.91355), (1, 0.686447, 0.686447).
. . .
• V8R10: (2.41937, 2.40377, 0.396819), (1.51286, 2.02874, 2.33539), (1, 1.86038, 1.86038), (1, 0.806287, 0.806287),
(0.98506, 0.805755, 0.78523), (0.791817, 0.770023, 0.312754).
• V8R11: (2.89171, 2.76727, 0.833614), (1.54531, 2.48719, 2.76871), (1, 2.26376, 2.26376), (1, 0.736237, 0.736237).
• V8R12: (3.50372, 3.12208, 1.26078), (1.56283, 2.9135, 3.16939), (1, 2.63849, 2.63849), (1, 0.694841, 0.694841).
. . .
• V9R11: (2.22201, 2.21055, 0.329142), (1.4253, 1.87771, 2.14519), (1, 1.75952, 1.75952), (1.00273, 0.811995,
0.815647), (1, 0.811911, 0.811911), (0.78652, 0.771084, 0.268402).
• V9R12: (2.61529, 2.52467, 0.690255), (1.45595, 2.26961, 2.52097), (1, 2.11369, 2.11369), (1, 0.743453, 0.743453).
• V9R13: (3.11195, 2.82684, 1.04887), (1.47456, 2.63191, 2.86562), (1, 2.44039, 2.44039), (1, 0.702462, 0.702462).
. . .
From the above results we have:
Theorem 7.4. Let the Stiefel manifold V5R
7. The normalized Ricci flow on the space of invariant Rie-
mannian metrics on V5R
7, possesses exactly four singularities at infinity. This fixed points corresponds (up
to scale) to the G-invariant Einstein metric on V5R
7 (cf. Theorem 4.6).
We can also pose the following:
Conjecture 7.5. Let G/H be the Stiefel manifold V1+k2R
n, with n = 1 + k2 + k3. Then, for k2 ≥ 4 and
k3 > 1 G/H has four singularities at infinity, and for k2 ≥ 6 and k3 = 2 has six singularities at infinity.
These fixed points correspond to the G-invariant Einstein metrics on G/H.
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7.4. Ricci flow for the generalized flag manifolds. We study the behavior of the normalized Ricci flow
for the generalized flag manifold G/K with four isotropy summands and b2(G/K) = 1. For this case we
take the Ricci components (20) and scalar curvature (21) of the metric (19). Then, system (8) reduces to
x˙1 = − 1
2d1x1x22x3x4N
{
x2x4(x3(A112x2
2(3d1 + 2(d2 + d3 + d4)) + 2d1x1
2(A112 − d2)
−2d1x1x2(2d1 + d2 + d3 + d4)) + 2A123x1(2d1(x22 + x32) + (−d2 − d3 − d4)(x12 − x22 − x32))
−2d1d3x12x2) + 2x1x22(A134x32(2d1 + d2 + d3 + d4)−A134x12(d2 + d3 + d4)
+d1x1x3(A224 − d4)) + x1x42(2A134x22(2d1 + d2 + d3 + d4) +A224d1x1x3)
}
x˙2 =
1
2d2x12x2x3x4N
{
x2x4(x3(−2x12(A112 − d2)(d1 + 2d2 + d3 + d4) +A112x22(d1 + d3 + d4)
+2d1d2x1x2) + 2x1(−A123x12(d1 + 2d2 + d3 + d4) +A123x22(d1 + d3 + d4) + d2d3x1x2)
−2A123x1x32(d1 + 2d2 + d3 + d4))− 2A134d2x1x22(x12 + x32 + x42)
−A224x12x3x42(2d1 + 3d2 + 2(d3 + d4)) + 2d2x12x22x3(d4 −A224)
}
x˙3 = − 1
2d3x12x22x4N
{
x2x4(d3x3(A112(2x1
2 + x2
2)− 2x1(d1x2 + d2x1)) + 2x1(A123(x12 + x22)
−d3x1x2)(d1 + d2 + 2d3 + d4)− 2A123x1x32(d1 + d2 + d4)) + 2x1x22(A134x12(d1 + d2
+2d3 + d4)−A134x32(d1 + d2 + d4) + d3x1x3(A224 − d4)) + x1x42(2A134x22(d1 + d2
+2d3 + d4) +A224d3x1x3)
}
x˙4 =
1
2d4x12x22x3N
{
− d4x2x4(x3(2x12(A112 − d2) +A112x22 − 2d1x1x2) + 2A123x1(x12 + x22
+x3
2)− 2d3x12x2)− 2x1x22(d1 + d2 + d3 + 2d4)(A134(x12 + x32) + x1x3(A224 − d4))
+x1x4
2(d1 + d2 + d3)(2A134x2
2 +A224x1x3)
}
,
where N = d1 + d2 + d3 + d4. The above system is not polynomial, hence in order to apply the Poincare´
compactification, we multiply it by the factor x21x
2
2x3x4d1d2d3d4N . After that we take the following system:
x˙1 = −d2d3d4x1(x2x4(x3(A112x22(3d1 + 2(d2 + d3 + d4)) + 2d1x12(A112 − d2)− 2d1x1x2(2d1 + d2
+d3 + d4)) + 2A123x1(2d1(x2
2 + x3
2) + (−d2 − d3 − d4)(x12 − x22 − x32))− 2d1d3x12x2)
+2x1x2
2(A134x3
2(2d1 + d2 + d3 + d4)−A134x12(d2 + d3 + d4) + d1x1x3(A224 − d4))
+x1x4
2(2A134x2
2(2d1 + d2 + d3 + d4) +A224d1x1x3))
x˙2 = d1d3d4x2(x2x4(x3(−2x12(A112 − d2)(d1 + 2d2 + d3 + d4) +A112x22(d1 + d3 + d4)
+2d1d2x1x2) + 2x1(−A123x12(d1 + 2d2 + d3 + d4) +A123x22(d1 + d3 + d4) + d2d3x1x2)
−2A123x1x32(d1 + 2d2 + d3 + d4))− 2A134d2x1x22(x12 + x32 + x42)−A224x12x3x42(2d1
+3d2 + 2(d3 + d4)) + 2d2x1
2x2
2x3(d4 −A224))
x˙3 = −d1d2d4x3(x2x4(d3x3(A112(2x12 + x22)− 2x1(d1x2 + d2x1)) + 2x1(A123(x12 + x22)
−d3x1x2)(d1 + d2 + 2d3 + d4)− 2A123x1x32(d1 + d2 + d4)) + 2x1x22(A134x12(d1 + d2
+2d3 + d4)−A134x32(d1 + d2 + d4) + d3x1x3(A224 − d4)) + x1x42(2A134x22(d1 + d2
+2d3 + d4) +A224d3x1x3))
x˙4 = d1d2d3x4(−d4x2x4(x3(2x12(A112 − d2) +A112x22 − 2d1x1x2) + 2A123x1(x12 + x22 + x32)
−2d3x12x2)− 2x1x22(d1 + d2 + d3 + 2d4)(A134(x12 + x32) + x1x3(A224 − d4))
+x1x4
2(d1 + d2 + d3)(2A134x2
2 +A224x1x3)). (40)
If we denote by Pi(x1, x2, x3, x4) the x˙i, for i = 1, 2, 3, 4 respectively then the degree of vector field
X =
∑4
i=1 Pi(x1, x2, x3, x4)
∂
∂xi
is 6. Next, it is easy to see the following lemma
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Lemma 7.6. The coordinate planes along with the straight line γ(t) = (t, 2t, 3t, 4t), remain invariant under
the normalized Ricci flow defined by the system (40).
In order to study the singularities at infinity of (40), we should write this system in the local charts of
the Poincare´ compactification. Since we are interested for positive values of x1, x2, x3 and x4, we study the
behavior of the previous system only in to the chart (U1, ϕ1). Therefore from (30) we have:
z˙1 = d3d4z1(d1 + d2 + d3 + d4)(z3(A112z1z2(z1
2(d1 + 2d2)− 2d1) + 2A123z1((z12 − 1)(d1 + d2)
+z2
2(d2 − d1))− 2d1z2(A224z3 + d2(z1 − 1)z1)) + 2A134d2z12(z22 + z32 − 1))
z˙2 = 2d2d4z1z2(d1 + d2 + d3 + d4)(z3(d3z1(A112z1z2 + d1(−z2) + d1)−A123(z12(d1 − d3) + d1 + d3)
+A123z2
2(d1 + d3)) +A134z1((z2
2 − 1)(d1 + d3) + z32(d3 − d1)))
z˙3 = −d2d3z3(d1 + d2 + d3 + d4)(−2d4z1z3(z1z2(A112z1 − d1) +A123(z12 + z22 − 1))
+2z1
2(A134(z2
2(d1 − d4) + d1 + d4) + d1z2(A224 − d4))− z32(2A134z12(d1 + d4) +A224d1z2))
z˙4 = d2d3d4z4(z1z3(z2(A112z1
2(3d1 + 2(d2 + d3 + d4)) + 2A112d1 − 2d1z1(2d1 + d2 + d3 + d4)− 2d1d2)
+2A123z1
2(2d1 + d2 + d3 + d4) + 2A123z2
2(2d1 + d2 + d3 + d4)− 2A123(d2 + d3 + d4)− 2d1d3z1)
+2z1
2(A134z2
2(2d1 + d2 + d3 + d4)−A134(d2 + d3 + d4) + d1z2(A224 − d4))
+z3
2(2A134z1
2(2d1 + d2 + d3 + d4) +A224d1z2)). (41)
We set z4 = 0 in order to obtain the behavior at infinity of the system (41). Next we will study the
system {z˙1 = 0, z˙2 = 0, z˙3 = 0}, in any case of flag manifolds with b2(G/K) separately. First we substitute
the values of the dimensions di, i = 1, 2, 3, 4 and the numbers A224, A112, A123 and A134 from Table 4. It is
easy to see that system (41) has always a singularity located at (2, 3, 4), which corresponds to the Ka¨hler
metric (1, 2, 3, 4). For the flag manifolds which correspond to the exceptional Lie groups F4,E7 and E8(α3)
we found two more fixed points and for E8(α6) four more. Actually we have:
◮ F4 / SU(3)× SU(2)×U(1)
z˙1 = 11520z1(z1
3(8z2 + 5)z3 + 2z1
2(z2
2 − 18z2z3 + z32 − 1) + z1(z2(z2 + 32)− 5)z3 − 4z2z32)
z˙2 = 23040z1z2(3(z2 − 1)z3(z12 − 6z1 + 2z2 + 2) + 4z1(z22 − 1)− 2z1z32)
z˙3 = −2880z3(−12z1z3(z12 + 2(z1− 6)z1z2 + z22 − 1)− 24z32(z12 + z2) + 8z12((z2 − 12)z2 + 3))
The solutions are: (0.970488, 0.229171, 1.0097) and (1.27614, 1.95786, 2.31788)
◮ E7 / SU(4)× SU(3)× SU(2)×U(1)
z˙1 = 976896z1(z1
3(10z2 + 7)z3 + z1
2(z2
2 − 36z2z3 + z32 − 1)− z1((z2 − 28)z2 + 7)z3 − 2z2z32)
z˙2 = 1953792z1z2(3(z2 − 1)z3(z12 − 6z1 + 2z2 + 2) + 2z1(z22 − 1)− z1z32)
z˙3 = 976896z3(3z1z3(z1
2 + 2(z1 − 6)z1z2 + z22 − 1) + 3z32(3z12 + 2z2) + z12(−(z2 − 3))(7z2 − 3))
The solutions are: (0.823351, 1.29423, 1.34989) and (0.991279, 0.578307, 1.13127)
◮ E8(α6)/ SU(7)× SU(2)×U(1)
z˙1 = 15059072z1(z1
3(16z2 + 11)z3 + 2z1
2(z2
2 − 30z2z3 + z32 − 1)− z1((z2 − 48)z2 + 11)z3 − 4z2z32)
z˙2 = 30118144z1z2(5(z2 − 1)z3(z12 − 6z1 + 2z2 + 2) + 4z1(z22 − 1)− 2z1z32)
z˙3 = 15059072z3(5z1z3(z1
2 + 2(z1 − 6)z1z2 + z22 − 1) + 2z32(7z12 + 5z2)− 2z12(5(z2 − 4)z2 + 7))
The solutions are: (0.91333, 1.41368, 1.51968) and (0.966311, 0.489832, 1.08091)
◮ E8(α3)/ SO(10)× SU(3)×U(1)
z˙1 = 7151616z1(z1
3(18z2 + 13)z3 + z1
2(z2
2 − 60z2z3 + z32 − 1) + z1((44− 3z2)z2 − 13)z3 − 2z2z32)
z˙2 = 14303232z1z2(5(z2 − 1)z3(z12 − 6z1 + 2z2 + 2) + 2z1(z22 − 1)− z1z32)
z˙3 = 7151616z3(5z1z3(z1
2 + 2(z1 − 6)z1z2 + z22 − 1) + z32(17z12 + 10z2) + z12(5(8− 3z2)z2 − 17))
The solutions are: (0.649612, 1.10943, 1.06103), (0.763357, 1.00902, 0.191009), (1.15607, 1.01783, 0.214618)
and (1.09705, 0.770347, 1.29696)
Ricci flow on certain homogeneous spaces 21
We work on the chart (U1, ϕ1) that corresponds to the plane y1 = 1, so we consider metrics whose are the
form (1, α, β), where α, β are the solution of the system (41) for z4 = 0. These metrics are invariant Einstein
metrics, and the one with coefficients (1, 2, 3) is the unique Ka¨hler-Einstein that admits M . We have thus
proved the following.
Theorem 7.7. Let M = G/K be a genaralized flag manifold with four isotropy summands and b2(M) = 1.
The normalized Ricci flow, on the space of invariant Riemannian metrics on M , possesses exactly three
singularities at infinity in case of F4, E7, E8(α6) and exactly five in case of E8(α3). The point (1, 2, 3) is a
repelling node, while the other are saddle points. These fixed points correspond to the G-invariant Einstein
metrics on M .
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